On Contract-and-Refine Transformations Between Phylogenetic Trees

Ganeshkumar Ganapathy*

Abstract

The inference of evolutionary trees using approaches which
attempt to solve the maximum parsimony (MP) and maxi-
mum likelihood (ML) optimization problems is a standard
part of much of biological data analysis. However, both
problems are hard to solve: MP provably NP-hard, and
ML even harder in practice. Consequently, hill-climbing
heuristics are used to analyze datasets for phylogeny recon-
struction. Two primary topological transformations have
been used in the most popular heuristics: TBR (tree-
bisection-and-reconnection) and ECR (edge-contractions-
and-refinements). While most of the popular heuristics ex-
clusively use TBR moves to explore tree space, some re-
cent methods have used ECR in conjunction with TBR and
found significant improvements in the speed and accuracy
with which they can analyze datasets. In this paper we an-
alyze ECR moves in detail, and provide results on the di-
ameter of the tree space, the neighborhood intersection with
TBR, structural analysis of the ECR operation, and an effi-
cient method for sampling uniformly from the 2-ECR neigh-
borhood of a tree. Our results should lead to a better under-
standing of the impact of ECR moves on the performance of
heuristic searches.

1 Introduction

Most, if not all, of the favored approaches in biology for in-
ferring phylogenetic (i.e., evolutionary) trees are based upon
attempts to solve certain NP-hard optimization problems; of
these, perhaps Maximum Parsimony [6] is the most popular.
Maximum Likelihood [5] is also favored, but considerably
harder in practice to solve than Maximum Parsimony
(though not established to be NP-hard). Approximation
algorithms for Maximum Parsimony exist, but the approxi-
mation ratios are not good enough for use in molecular sys-
tematics where errors as small as 1% are unacceptable. Con-
sequently, heuristics, largely based upon hill-climbing (also
called local-search), are used to search for optimal trees.
Two topological transformations on trees, TBR (for
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Tree-Bisection-and-Reconnection) and p-ECR, short for
p-Edge Contract and Refine [7], are the basis for the most
popular heuristics in use for phylogenetic analysis under
Maximum Parsimony. Of these two, the TBR transformation
has been traditionally more popular, and is better understood
in terms of the properties of the “landscape” of trees it
induces [21, 16, 14, 1].

In a p-ECR move p of the edges in the given tree are
contracted and the resulting tree is refined to give back a new
tree. Sankoff et al. [20] define a version of the ECR move
where the contracted edges are restricted to form a subtree
(henceforth, we will call this move the p-sECR or p-subtree
ECR move). In [20] an experimental comparison of local
searches based on p-sECR moves for different values of
p is presented, and evaluated with regard to the quality of
local optima generated. Subsequently the p-ECR move has
appeared implicitly rather then explicitly in the local-search
heuristic sectorial-search [8]. In sectorial-search, a tree is
transformed through contractions of edges and subsequent
refinements, but the edges to be contracted are chosen
using some specific heuristic, and so the number of edges
contracted can vary during the search. The p-ECR move
as used in this paper was defined recently in [7], where the
neighborhoods of trees induced by the 2-ECR move and by
the TBR move were compared and were shown to have a
small intersection.

In this paper, we present several results about the prop-
erties of the general p-ECR operation and the search space
induced by it. In particular, we present

e asymptotically tight bounds for the diameter of tree-
space under p-ECR and p-sECR moves as a function of
p, showing that the diameter of the search space in both
cases is in O( ”:gg;) (where n is the number of leaves
in the trees). This result could be potentially useful in
selecting a suitable range of values of p for performing

local searches based on p-ECR operations.

e acomparison of the neighborhoods of a tree induced by
TBR and p-ECR moves, showing that their intersection
is of size O(min{n2P,n?p}). The neighborhoods them-
selves are much larger: there could be @(n?) trees in the
TBR neighborhood of a tree, while the p-ECR neigh-
borhood contains Q(nP2P) trees. These results may
help explain why the combination of the two moves im-



proves upon the use of just one, as reported in [8]. This
work generalizes the result in [7] for 2-ECR. We present
related results comparing p-sECR and TBR neighbor-
hoods.

an O(n) pre-processing-time, O(1) update-time algo-
rithm for sampling a tree uniformly at random from the
set of 2-ECR neighbors of a phylogenetic tree. This po-
tentially has applications in Markov Chain Monte Carlo
methods for inferring evolutionary histories through
Bayesian analysis [13, 11, 12].

e astructural analysis of the p-ECR operation, motivated
by its application in our algorithm for uniformly sam-
pling from the 2-ECR neighborhood of a tree. We de-
fine the properties of irreducibility and commutativity of
p-ECR operations, and observe a surprising connection
between irreducible p-ECR operations and elementary
bipartite graphs. We exploit this connection to develop
an O(n + p?) algorithm to reduce a p-ECR operation
into an equivalent sequence of irreducible ECR opera-
tions.

The rest of the paper is organized as follows: In Section
2 we introduce some basic concepts necessary for the
remaining sections. In Section 3 we present upper and
lower bounds on the diameter of the search space induced
by the p-ECR and p-sECR operations. In Section 4 we
compare the neighborhoods of a tree induced by the two
ECR operations and the TBR operation. In Section 5 we
present our algorithm for sampling uniformly from the set
of 2-ECR neighbors of a tree, and in Section 6 we carry
out structural analyses of the p-ECR operation vis-a-vis the
properties of irreducibility and commutativity.

2 Basics

A phylogeny is an unrooted tree (rooted, if the evolutionary
origin is known) whose leaves are labeled and represent
extant species, and all of whose internal nodes have degree
at least three. A binary phylogeny is one where all internal
nodes are of degree three. Edges that are not incident on
leaves are called internal edges. Non-binary phylogenies
are referred to as being unresolved at the nodes of degree
greater than three. Any isomorphism between phylogenies
must preserve the leaf labels.

2.1 Bipartitions A notion crucial to the study of phylo-
genies is that of a bipartition: removing an edge e from
a leaf-labeled tree T induces a bipartition T on its set of
leaves. We denote by C(T) the set {1 : e € E(T)}, which
represents the set of bipartitions induced by T. The set C(T)
is known as the character encoding of the tree T. Buneman
proved [2] that two phylogenies are isomorphic if and only
if they have the same character encoding.

2.2 Tree Transformations We now look at the two prin-
cipal tree transformation operations and the metrics induced
by the operations on the set of trees.

Contractions and Refinements. A contraction collapses
an edge in the tree and identifies its two end points, while
a refinement expands an unresolved node into two nodes
connected by an edge (see Figure 1). The p-ECR tree
rearrangement operation on a binary phylogeny is defined
to be p edge-contractions, which are then followed by
refinements that give back a binary phylogeny. The trees T1
and T5 in Figure 1 are separated by one 2-ECR operation.
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Figure 1: Two edges are contracted in T1 to produce T3,
which is then refined to produce T5; T3 and T5 are thus
separated by one 2-ECR operation.
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The Robinson-Foulds metric.  The Robinson-Foulds
distance between two unrooted leaf-labeled (not necessarily
binary) trees T and T', denoted RF(T,T’) is defined to
be the length of a shortest sequences of contractions and
refinements that transforms T to T’ [19]. It was also shown
in [19] that RF(T,T') = |C(T) —C(T")| + |C(T") — C(T)|

Based on the above definitions we can deduce the fol-
lowing simple fact.

OBSERVATION 1. Let T and T’ be two unrooted binary leaf-
labeled trees on n leaves, and let p be any integer between 1
andn—3. Then RF(T,T') <2pifandonlyif T and T' are
one p-ECR move apart.

Tree Bisection and Reconnection (TBR). In a TBR move,
an edge is removed from T, creating subtreest and T —t,
and then a new edge is added between the midpoints of any
two edges int and T —t, creating a new tree. Throughout the
operation any internal node of degree two is suppressed. The
TBR operation is illustrated in Figure 2.

Nearest Neighbor Interchange (NNI). The NNI move
swaps one rooted subtree on one side of an internal edge e
with another on the other side; note that this is equivalent to
contracting the edge e, and then resolving the resultant tree
into a new binary tree. The NNI operation is thus the same
as a 1-ECR operation, and is also a special case of the TBR
operation. Every sequence of p NNI moves on a tree is a



Figure 2: Tree T"” is one TBR move away from T.

p-ECR move on that tree; however there are p-ECR moves
that cannot be performed by a sequence of p NNI moves
(see, e.g., Figure 1).

Neighborhoods, distances, and diameters. We define
the neighborhood of an unrooted binary leaf-labeled tree T
under a tree-rearrangement move to be the set of all trees
that can be obtained from T by one move. For each of the
different tree rearrangement operations (TBR, NNI, and p-
ECR), we define the edit distance between two trees on the
same set of leaves as the minimum number of moves needed
to move from one tree to the other. All these distances
are known to be finite (follows from [18] ), but tend to be
hard to compute [1, 10, 3]. We denote the edit distance
under the p-ECR move by dp_gcr(T,T’), and the others
are similarly defined. Given a specific move (such as TBR,
p-ECR, etc.), we can define the diameter of tree space to
be the maximum edit distance between any two trees. For
convenience, we will phrase the diameter of the search space
as the diameter of a graph, in which the trees on a given set
of leaves constitute the vertices, and an edge exists between
two trees if they are related to each other by one move. Thus,
the graph defined by the p-ECR move is Gp_ecr = (U, E),
where U is the set of unrooted leaf-labeled binary trees on
n leaves, and (u,v) € E if and only if u and v are separated
by one p-ECR move. We denote the diameter of G,_gcr by
A(Gp-EcRr)-

3 Bounds on the Diameter of Gp_gcr and Gp_secr

In this section we derive asymptotically tight bounds for
the diameter of the tree-space induced by the p-ECR and
p-sECR operations as a function of p.

It was shown in [14] that A(Gnni) € ©(nlogn), and
it was shown in [1] that A(Gtgr) € ©(n). As mentioned
earlier, the NNI operation is just the 1-ECR operation (and
the 1-sECR operation). Hence the diameter of the 1-ECR
(and 1-sECR) operation is in ©(nlogn). The diameter of
the (n — 3)-ECR (and (n — 3)-sECR) operation is, of course,
one. Obtaining the diameter as a function of p might give us
a way to pick the right range of values of p to use in a search,
based on the diameter.

3.1 Upper Bounds We prove the upper bound for p-
SECR, which then applies to p-ECR as well.

|
THEOREM 3.1. A(G(2p-2)-secr) € O(Gogp)-

Proof. Let C be the sorted “caterpillar” tree for the set of
leaf labels {1, 2,..., n} (Figure 3). We will show that for
any unrooted binary leaf-labeled tree T, &2p_2)_gcr(T,C) <
% log,n +O(%).

We will first show that the number of (2p — 2)-ECR
steps needed to convert a complete binary tree on n leaves
to a caterpillar C is at most %Iogpn. We then show that any
tree can be transformed into a complete binary tree in O(%)
steps, each step being a 2p — 2-ECR move. The above two
results would then imply that any tree can be converted to C
in at most log,n+ O(2) steps. A complete binary tree and
the sorted caterpillar tree for the set of leaves labeled from
1 through 7 are shown in Figure 3.

Figure 3: B is a complete rooted binary tree on seven leaves.
Note that in general the leaves need not be in sorted order in
the tree. C is the sorted caterpillar tree for the same set of
leaves.

Converting an arbitrary complete binary tree to a
sorted caterpillar tree. The procedure is recursive, and is
illustrated in Figures 4 and 5. Let B be the complete binary
tree on n leaves. Let By, Bo, B3, ...Bp be the subtrees of
B at a depth of log, p. Since B is a complete binary tree,
so are subtrees By through Bp. Recursively convert each
of the p subtrees to a sorted caterpillar tree, producing the
bc-tree (binary-cum-caterpillar tree) B’. The subtrees of B’
at a depth log, p are now sorted caterpillar trees C; through
Cp (see Figure 4).

The following process is illustrated in Figure 5: con-
sider the first p leaves in the sorted order. These p leaves
can be “pulled” up to the root by contracting only (2p — 2)
edges (this is because the caterpillar trees C; through C,, are
sorted). The contraction of these (2p — 2) edges make the
root of the tree unresolved, with each of the p leaves now
a descendant of the root. To complete the (2p — 2)-sECR
operation, we have to refine the root, and when we refine the
root the p leaves can be transferred to “above” (see Figure
5) the root in sorted order. The next (2p — 2)-sECR move
will transfer the next p leaves in the sorted order to above

the root. In this manner we can obtain a C from B’ in %

(2p — 2)-sECR moves. This gives us the following recursive



equation for the number of moves required to convert B
to C. Let S(n) denote the number of (2p — 2)-sECR steps
required to convert an n-leaf complete binary tree to the
corresponding sorted caterpillar tree. Then,

n, n

+_
p) p

Solving the recurrence yields us S(n) < % log,n.

S(n) < pS(

Converting any tree to a complete binary tree with p-
SECR moves. We now show that any tree can be transformed
into a complete binary tree in O(2) steps, each step being a
p-sECR move. This will then give us the desired result. Note
that these transformations concern only the tree topology and
not the leaf labels.

In a caterpillar we define the terminal leaves to be the
two pairs of leaves at each end of the caterpillar; the remain-
ing leaves are the internal leaves. The path connecting the
two pairs of terminal leaves is the spine of the caterpillar. We
define a g-caterpillar as a caterpillar in which each internal
leaf is replaced by a g-spoke, which is a caterpillar with g —2
internal leaves and one pair of end leaves (see Figure 6). The
last spoke in the g-caterpillar (one that is adjacent to the par-
ent of one of the two terminal pairs of leaves) is a q'-spoke
forsome g’ <q.

Let T be an unrooted binary tree. Any binary tree
contains at least two pairs of leaves that are siblings. We fix
two such pairs of sibling leaves in T and we call the unique
path connecting their parents x; and x; the spine of T. We
fix one of the parents, say x1, and relative to x; we define
the potential @(T) = 2-n1 + ny, where ny is the number of
successive g-spokes in T starting with the vertex adjacent to
X1 on the spine, and n» is the number of successive subtrees
with at least q leaves rooted at vertices on the spine following
the initial ny g-spokes.

Consider the transformation of an arbitrary binary tree T
into a g-caterpillar using p-sECR moves, where q = | p/2].
The initial potential of T is non-negative and final potential
of the transformed tree is 2- | (n—4)/q|. We now describe a
method that transforms T into a g-caterpillar using p-sECR
moves that increase the potential of the transformed tree in
each step by at least one. Thus this method transforms T into
a g-caterpillar in O(2) moves.

Our method wiﬁ apply a p-sECR move by contracting
edges starting with the edges in the subtree rooted at the
vertex v on the spine, which is adjacent to the last vertex
that is a root of one of the n; g-spokes already constructed
(if ny = 0 then this is the vertex adjacent to x1 on the spine).
The resulting contracted subtree S on p internal edges will
have p + 3 external edges incident on it, of which two are
on the spine and p + 1 are within subtrees rooted at one or
more vertices on the spine. If S can be refined to form a new
successive g-spoke, then the potential increases by at least
one. Otherwise, at least q external edges end in subtrees,

each of which contain at least two leaves, which implies that
S can be refined into two subtrees, each containing at least q
leaves. Further, since S could not be refined into a g-spoke,
the subtree rooted at v was not of size between q and 2q,
so one of the two subtrees formed is a new one, resulting
in an increase in potential of at least one. Hence T can be
transformed into a g-caterpillar in O(%) p-sECR moves.

By reversing the above strategy the g-caterpillar can
be transformed into any binary tree, including a complete
binary tree, in the same number of moves. Hence any binary
tree can be transformed into a complete binary tree in O(%)
steps, each step being a p-sECR move. O

:

Figure 6: Tree T is a 4-caterpillar. The leaf-labels are not
shown since they are not relevant in the transformation of a
tree to a g-caterpillar.

3.2 Lower Bounds We prove the lower bound for p-ECR,
which then applies to p-sECR as well.

THEOREM 3.2. A(Gp_gcr) > %, forall p > 1.
Proof.(Sketch.) Let T be an unrooted binary tree on n
labeled leaves, and let T’ be a tree such that 8p_gcr(T,T') =
1. It can be established that dnni (T, T) < 2plog, p+ O(p),
forp>1.

From the results in [14, 1], A(Gnni) > w.
This, together with the fact that any p-ECR move can be
emulated by at most 2plog, p+ O(p) NNI moves, gives us
the desired result. O

Thus we obtain the following theorem:

THEOREM 3.3. A(Gp_gcr) and A(Gp—secr) are both in

O(5iogp)-

4 Comparison of ECR and TBR Neighborhoods

Recall that the neighborhood of a tree T under a tree rear-
rangement operation is the set of all trees that can be obtained
by performing one such operation on T. In this section we
first establish bounds on the size of the p-ECR and p-sECR
neighborhoods of a tree on n leaves, and then show that the
sizes of the intersections of each of the above two neighbor-
hoods and the TBR neighborhood of a tree are small. We
will denote the neighborhood of a tree T under, say, the TBR
operation, as Mtgr(T). It is known that |Ftgr(T)| € O(n®)
[1]. In the following, we let r!! be the product of all odd
numbersuptor.
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LEMMA 4.1. Let T be an unrooted binary leaf-labeled tree
-3

o;1 n leaves. Then, 3§, (") 2% < |Mp-ecr(T)| < (7) (2p +

nHh.

Proof. For any tree T’ in [y_gcr(T), RF(T,T') €
{2,4,6,...,2p}. We will show that the number of trees T’
in Ip_gcr(T) such that RF(T,T’) = 2k is at least (") 2X,
and that will give us the result that we desire.

Let k be such that 1 < k < (n—3). For every way
of choosing k edges in T, there are at least 2K different
k-ECR moves that can be performed on T: for each chosen
edge, contract the edge and refine the resulting unresolved
node in one of two ways that results in the alteration of the
bipartition corresponding to the edge. Thus, there are at least
(" 3)2K trees T/ such that RF(T,T’) = 2k. This completes
our proof of the lower bound. For the upper bound, observe
that for each of the (g) ways of selecting p edges to contract,
there are at most (2p 4+ 1)!! neighbors ((2p + 1)!! is the
number of unrooted leaf-labeled binary trees with p internal
edges). This completes our proof. O

For p-sECR, as noted in [20], the neighborhood size is
in O(n(2p+1)!). Further, we observe here that the p-sSECR
neighborhoodsize is in Q(2(2p+ 1)), since there are Q(%)

C2 . o\p ! X
disjoint sets of p contiguous edges in any binary tree.

THEOREM 4.1. Let T be an unrooted binary leaf-labeled
tree on n leaves. Then, for any p, | p—ecr(T) NT1eR(T)| <
min{(2n —3)(p+1)2P*34(2n - 3)*(p+1)}).

Proof. Let S =T _gcr(T)NM1er(T), and let T’ be in S.
Then, |C(T) —C(T')| < p, since T’ € Ip_gcr(T). More-
over, since T’ € I'tgr(T), the edges in T corresponding to
bipartitions in C(T) —C(T') all must lie on a path, and the bi-
partitions corresponding to all edges on the path except three
(the first edge, the last edge and the edge that is broken for
the TBR move) must be in C(T) —C(T'). Hence, each such
T can be specified by three edges that lie on a path of length
at most (p+ 3). Now, the number of paths of length at most
(p+3) is at most (2n — 3)2P*3, This is because the number
of paths of length exactly p + 3 is at most (2n — 3)2P*+2: fix
one of the terminal edges of the path, and there are at most
2P+3 paths with a given terminal edge since the tree is binary.



But in this manner each path will be counted at least twice,
and hence there are at most (2n — 3)2P*2 paths of length ex-
actly (p+ 3). Summing over all p we get that the number of
paths of length at most (p + 3) is at most (2n — 3)2P+3,

Also, each path of length at most (p + 3) corresponds
to at most (p+ 1) trees that are in S, since there are (p+ 1)
ways of choosing the edge that is broken for the TBR move.
Hence we have that |S| < (2n—3)2P3(p+1).

Moreover, the total number of paths in T is (2n—3)2.
For every tree in S, there is a path in T, and each path
contributes at most 4(p + 1) trees to S. Hence |S| < 4(2n—

3)2(p+1).
Thus, we have that |[p_ecr(T) N Fer(T)| <
min{(2n—3)(p+1)2P*34(2n-3)?(p+1)}). ad

The following is the analogous result for the p-sECR
operation. The proof is similar to that of Theorem 4.1.

LEMMA 4.2. Let T be an unrooted binary leaf-labeled tree
on n leaves. Then, for any p, | p—secr(T) NT1eR(T)| <
min{(2n —3)(p+1)2P*2,4(2n - 3)?(p+1)}).

The following result relates the above two results by
comparing IMp—secrN I TBR with IMp—ecrN I TBR.

LEMMA 4.3. For any p > 1, there exists an unrooted binary
leaf-labeled tree T such that I'p_secr(T) NTrer(T) is a
proper subset of ' ,_gcr(T) NF1er(T).

Further, for any tree T and for any p > 1, I p_gcr(T) N
F18r(T) C T (pr1)—secr(T) NT1er(T).

Proof. In Figure 7 the tree T" is in | p_gcr(T) NT1eR(T)|,
as evinced by the bold edges in T that correspond to bi-
partitions in C(T) —C(T'). However, T' & [ p_secr(T) N
Iter(T)| since the p bold edges do not form a subtree. This
proves the first part of the lemma.

For the second part, let T' be a tree in
Mp—ecr(T) NTrer(T)|. Then, as observed in Theorem
4.1, the edges corresponding to bipartitions in C(T) — C(T’)
lie on a path and all except at most one edge (the edge that
is broken for the TBR move) in the path are in C(T) —C(T")
(i.e., the corresponding bipartitions are in C(T) — C(T’).
There are at most p bipartitions in C(T) — C(T') and
hence the length of the path is at most p+ 1. The tree
T’ can be obtained by contracting all edges on the path
and subsequently introducing the edges corresponding to
bipartitions in C(T') —C(T) through refinements, while
retaining the edge that gets broken for the TBR move. This
corresponds to a (p + 1)-sECR operation on T, and hence
T' € I(ps1)—secr(T) NTer(T). This completes the proof
of the second part of the lemma. O

5 Uniform Sampling from the Set of 2-ECR Neighbors

The use of MCMC (Markov Chain Monte Carlo) algorithms
in phylogeny reconstruction is of increasing interest in

the research and user community [12, 11, 13]. In this
section, therefore, we address the problem of selecting a
tree uniformly at random from the set of 2-ECR neighbors
of a tree. Our algorithm takes O(1) time, after a one-time
pre-processing step that costs O(n) time.

We partition the set of 2-ECR neighbors of T into two
subsets: Fyni (T) and S = Mo_gcr(T) — T (T). The size
of the former set is 2n — 6, and the size of the latter set
depends on the structure of T. The outline of our algorithm
is as follows:

1. Computes = |S|.

2. Generate g at random from a uniform distribution on
[0,1].

3. Ifg< 25,
I'NN| (T)

4. 1fq> 2
s.

generate a tree uniformly at random from

51 generate a tree uniformly at random from

Sampling from nni(T): Step (3) is easy and can be
performed in O(1) time, given the set of internal edges of T.
We choose an internal edge e uniformly at random, and pick
each of the two trees that can be obtained by contracting and
refining e with probability 1/2. It can be verified that in this
manner we do sample uniformly at random from "y (T).
Sampling from S: This is a complicated by the fact that
sampling two edges e; and e, one after the other without
replacement, and then sampling uniformly at random from
the set of neighbors obtained by performing a 2-ECR move
involving edges e; and e2 does not induce a uniform distri-
bution on S. This is due to the following reason: when e; and
e are adjacent, they contribute 10 neighbors to S, while they
contribute only 4 neighbors to S when they are not adjacent.

Hence, we adopt the following strategy: we arbitrarily
order the internal edges in T, and let index(e) denote the
position of the edge e in such an order.

e We let Y be the set of neighbors that can be obtained
from T through a sequence of two 1-ECR moves,
the first one involving edge e; and the next involving
eo, and such that index(e1) < index(ez). Every pair
of internal edges (whether adjacent or non-adjacent)
contributes four treesto Y. We let |[Y| =Y.

e LetX =S-Y, and let |[X| = x. The set of neighbors X
contains the following two classes of trees:

— Trees that cannot be obtained by a sequence of two
1-ECR moves. There are two such trees for every
pair of adjacent internal edges, and none for any
pair of non-adjacent edges.

— Trees that are obtained by two 1-ECR moves in-
volving two adjacent internal edges, e firstand e,
next, such that index(e1) > index(ez). Every pair
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Figure 7: Trees T and T’ are TBR neighbors; The TBR move deletes edge €2 in T and introduces an edge bifurcating edges
el and e3. Tree T’ is a p-ECR neighbor, but not a p-sECR neighbor of T. The p-ECR move contracts the bold edges in T

and introduces the bold edges in T".

of adjacent internal edges contributes four such
trees to X. Note that two 1-ECR operations per-
formed in the reverse order on two non-adjacent
edges do not generate any new trees, since the
order does not matter when the edges are non-
adjacent.

Note that | 2_gcr(T)| = 2n — 6+ x+y. We are now in
a position to describe our algorithm.
Algorithm to sample uniformly from S.

1. Calculate x and y. This can be done in O(n) time since x
depends only on the number of pairs of adjacent internal
edges in T, and y depends only on n.

2. Generate g at random from a uniform distribution on
[0,1].

3. ifg< %, then sample a pair of adjacent internal edges
e1 and ez, and then sample a tree uniformly at random
from the set of neighbors contributed to X by a 2-ECR
move involving e; and ez (this involves sampling one
tree from a set of six trees).

4. if g > %, then sample two internal edges e and ez
one after the other without replacement from the set of
internal edges. Then sample a tree uniformly at random
from the set of neighbors contributed to Y by a 2-ECR
move involving e; and ez (this involves sampling one

tree from a set of four trees).

Every 2-ECR neighbor is generated with a probability
of Wﬂ_xﬂ by our algorithm. The running time is O(n),
the time taken to to calculate the number of pairs of adjacent
internal edges in T. However, note that once a new a tree is
generated, this number can be calculated for the new tree in
O(1) time, since a 2-ECR move makes only local changes to

the tree structure. Hence, we have the following:

THEOREM 5.1. We can generate a tree uniformly at random
from the set of 2-ECR neighbors of an unrooted leaf-labeled

binary tree on n leaves in O(1) time, after an O(n) pre-
processing step.

Selecting a 2-sECR neighbor uniformly at random. This
is made simple by the fact that there are only O(n) neighbors
and each pair of adjacent edges contributes the same number
of neighbors (fourteen) to the set of neighbors. Thus, we
can first select a pair of adjacent edges uniformly at random
and then select one neighbor uniformly at random from the
set of fourteen neighbors contributed by the above pair of
edges. Each of the above selections can be done in O(1)
time, after an O(n) preprocessing that computes the list of
pairs of adjacent edges in the tree. Further, this information
can be updated in O(1) time after generating a new tree.

At first sight, our algorithm seems to be a series of
case analyses. However, the analyses reveal some interest-
ing properties of the structure of 2-ECR and 2-sECR moves:
there are some 2-ECR and 2-sECR moves that are not re-
ducible to two successive NNI moves. Among the reducible
moves, some (but not all) 2-ECR moves involve two succes-
sive NNI moves that are commutable (i.e., those that can be
reordered), while no 2-sECR move involves successive NNI
moves that are commutable. We believe that these concepts
(and generalizations of them) will be essential in designing
an algorithm that samples efficiently from the set of both p-
ECR and p-sECR neighbors of a tree for p > 2. In the next
section we study reducibility and commutability of p-ECR
moves, and show that these concepts generalize to all values
of p through a surprising connection to elementary bipartite
graphs.

6 Structural Analyses of the p-ECR Operation

In this section we describe a method to construct, for any
two given trees, a sequence of elementary or irreducible ECR
operations that transforms one tree to another. We will use
the convention that an ECR operation is a p-ECR operation
for some (unspecified) p.

We first introduce some terminology and notation. Let
T be an unrooted leaf-labeled tree. Let X and Y be two ECR



operations on T. We will say X equals Y if performing X on
T results in the same tree as the one obtained by performing
Y onT. Fortwo ECR operations X and Y, we will letY o X be
the following sequence of two ECR operations: X on T, fol-
lowed by Y on the tree that results from performing X on T.

DEFINITION 1. Reducible p-ECR operation

Let T be an unrooted leaf-labeled tree. Let X be a p-
ECR operationon T. X is said to be reducible if there exists
a p1-ECR operation X; and a p2-ECR operation X; such that
X =Xzo0Xgand p= p1+ p2.

The concepts of reducibility and irreducibility of ECR
operations are illustrated in Figure 8.
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Figure 8: Trees T1 and T2 are one irreducible 2-ECR move
away, and trees T1 and T3 are one reducible 2-ECR move
away.

In this section we address the Irreducible Decomposi-
tion problem, which we define as follows: given two bi-
nary trees T and T' such that RF(T,T') = 2p, decompose
the p-ECR operation X that separates T and T’ such that
X = XgoXk_10...0Xg, each X; is an irreducible p;-ECR op-
eration, and YK ; pi = p.

6.1 Irreducibility and Elementary Bipartite Graphs
We begin with a definition;

DEFINITION 2. Bipartition (or edge) compatibility:
A set of bipartitions B is said to be compatible if and
only if B C C(T) for some tree T.

LEMMA 6.1. (FROM BUNEMAN [2]) A set of bipartitions
is compatible iff any two bipartitions in the set are are
pairwise compatible. Furthermore, two bipartitions A=Ay :
Az and B = Bj : B, are compatible iff at least one of the four
sets AN By, A1 N B2, A2,NB1 and A2 N B3 is empty.

Observe that there can not be more than 2n — 3 edges in
a phylogenetic tree with n leaves, since there are no internal

nodes of degree two (through out the rest of the paper we
use n to denote the number of leaves). This gives us the
following:

COROLLARY 6.1. The maximum cardinality of any set of
compatible bipartitions of a set of n elements is 2n — 3.

We now define a graph, which we call the incompatibil-
ity graph, defined by two leaf-labeled trees.

DEFINITION 3. Incompatibility Graph

Let T and T' be two unrooted leaf-labeled trees. The
incompatibility graph G between T and T’ is defined as
follows: G is a bipartite graph with vertex set U UV, where
U=C(T)-C(T"),V=C(T")—C(T) %, and edge set {(u,V) :
ueU, veV, uandvincompatible}.

An elementary bipartite graph is one where every edge
is in some perfect matching [15]. Suppose T and T' are two
trees such that 8p_ecr(T,T’) = 1; then, we show that the p-
ECR move that separates themis irreducible if and only if the
incompatibility graph induced by the two trees is elementary.
We start with the following lemma.

LEMMA 6.2. Let G be the incompatibility graph between
two unrooted binary leaf-labeled trees. Then G has a perfect
matching.

Proof. (Sketch) By applying Corollary 6.1 it can be shown
that the incompatibility graph G satisfies the following two
properties: (1) For every subset S of V, |F(S)| > |S|, and (2)
For every subset R of U, |I'(R)| > |R|. Our result will then
follow from Hall’s matching theorem [9]. a

THEOREM 6.1. Let X be a p-ECR move that transforms an
unrooted leaf-labeled binary tree T to T'. Let G = (U,V,E)
be the incompatibility graph between T and T'. Then, X is
irreducible if and only if G is elementary.

Proof. (Sketch) It can be shown that X is irreducible if an
only if there is no proper subset S of V such that | (S)| = |S|.
This is equivalent to showing that G is elementary, since we
have already established that G always contains a perfect
matching. O

Using the above characterization, we now show that we
can check efficiently if a p-ECR move is irreducible. This
also means that we can compute, for any given p-ECR move,
its irreducible decomposition.

TNote that the definition here is almost the same as the definition of
the incompatibility graph appearing in [17], where U and V were C(T)
and C(T') respectively. Our definition has the effect of removing isolated
vertices from the incompatibility graph.



THEOREM 6.2. Let X be a p-ECR move that can be per-
formed on an unrooted binary leaf-labeled tree on n leaves.
Then, in O(n + p?) time, we can determine if X is reducible,
and we can compute an irreducible decomposition of X.

Proof. Let G = (U,V,E) be the incompatibility graph
corresponding to the p-ECR move X. The graph G can be
constructed in O(n+ p?) time as follows: The sets U and
V can be computed in O(n) time, while calculating the RF
distance between T and T’ [4]. Once U and V have been
determined, E can be calculated in O(n + p?) time, since for
each bipartition in U, we can identify all bipartitions in V
incompatible with it in O(p) time.

Once we have G, we use the method in [15], Sec-
tion 4.3, to decompose G into maximal vertex-disjoint
components such that the subgraph of G induced by each
component is elementary, as follows: we compute a perfect
matching in G (which is guaranteed to exist by Lemma
6.2) and then find the strongly connected components in
an associated directed graph. This can be accomplished
in O(p?) time. Let the vertices of the strongly connected
components be ordered as (S1,T1),. .. (S, Tk) according to a
topologically sorted order in the above directed graph. Then
if we let component i correspond to the ith ECR operation
X, it is assured that operation X; can be performed once
operations Xj through X;_; have been performed and the
outcome of the sequence of operations X; through X is X. O

6.2 Commutable p-ECR Moves

DEFINITION 4. A p-ECR operation X is separable if and
only if there are two ECR moves X; and X such that X =
X2 0 X1 = X1 0Xo. The ECR moves X; and X are then said
to be commutable.

The following is a necessary and sufficient condition for
separability of a p-ECR operation the proof of which we
omit:

LEMMA 6.3. Let X be an ECR move executable on an
unrooted leaf-labeled binary tree. The incompatibility graph
induced by X is not connected if and only if X is separable.

We now present a necessary and sufficient condition for
separability of X that can be verified without computing the
incompatibility graph.

THEOREM 6.3. Let T be an unrooted leaf-labeled tree. Let
X be a p-ECR operation on T that would result in a tree
T'. Then, there exist k mutually commutable ECR operations
X1, X2, ... Xk such that X = Xk o X¢_10...0X; if and only
if the edges corresponding to bipartitions in C(T) —C(T')
constitute a forest with k trees.

Proof. We show that X is separable if and only if the edges
corresponding to the bipartitions in C(T) —C(T') do not

form a connected subtree. The desired result would then
follow.

We omit proving that X is separable if the edges repre-
sented by C(T) —C(T’) do not form a connected subtree and
focus on proving the other direction. LetU =C(T) —C(T’)
andV =C(T') —C(T). We prove the following: let us,u;
be two bipartitions in U, corresponding to two edges e; and
ez adjacent in T. Let vq and vo be two bipartitions in V such
that, (u1,v1) € E, (uz,v2) € E, (u1,v2) € E, and (up,v1) € E.
We show that uq, up, v1 and v» can be reached from one an-
other in G. This would imply that if the edges in U form a
single subtree in T, then G is connected.

We now prove the above claim. Let uj be the biparti-
tionP: P and letuz be PUY : P’ =Y, forsome Y C P/ (this
entails no loss of generality since u; and uy are compatible).
Similarly, let vy and v, be Q : Q' and QU Z : Q' — Z respec-
tively, for some Z C Q'. Since u; and v, are incompatible,
we have PN (Q' —Z) = 0 (it can be verified that the other
three pairwise intersection cannot be empty) from Lemma
6.1. Similarly, we have QN (P'—Y) = 0.

Now, since the tree T is binary, and the edges e;
and e, are adjacent, we have that Y : Y’ (where Y’ is the
complement of Y) is a bipartition in T, and the corresponding
edge is adjacent to both e; and e,. We show that Y : Y’
is incompatible with both v; and vy, thus showing that
ui, Up, V1, Vo are reachable from each other.

Now, QN (P'—Y) =0 and QN P’ # 0 implies that
QNP CY. Now, we show thatY & QN P’. Suppose, to the
contrary, thatY C QNP’. Then, Y C Q. This, combined with
the fact that (Q' —Z) C P, means that (Q"'—Z) C (P'-Y).
However, this contradicts (Q' —Z)N(PUY) # 0, and hence
Y € QN P’. Thus, we have (QNP') C Y. We now show that
Y : Y’ is incompatible with both v; and v, thus completing
our proof.

1. YNQ # 0, since as we already saw, QNP C Y. Also,
Y € Q. Hence, Y N Q' # 0. Moreover, Q Z Y (since
Q € P'), and hence QNY' # 0. Similarly, Q' NY' # 0.
Thus, we have that Y : Y’ is incompatible with v.

2.YN(QUZ) #0, since Y NQ # 0. Now, since (Q' —
ZYNP=0and (Q'=Z)N(PUY) #0, we have Y N
(Q'—Z) #0. This means that Y'N(QUZ) # 0 and
Y'N(Q' —Z) # 0 as well. Thus, we have thatY : Y’ is
incompatible with va.

This completes our proof. O

6.3 Existence of Irreducible p-ECR Moves One can es-
tablish that an irreducible p-ECR move can be constructed
for every set of p connected edges in any tree through ex-
plicit construction:

THEOREM 6.4. Let T be any unrooted binary tree with
at least p internal edges. Then there is a tree T' with



RF(T,T') = 2p such that the incompatibility graph between
T and T' is elementary.

Proof. (Sketch) The proof relies on constructing two trees
T and T’ such that the incompatibility graph between them
contains a Hamiltonian cycle, and hence is elementary. We
sketch the construction briefly below.

We will call a pair of leaves that are siblings as forming
a cherry. Let T have k cherries, (X1,Y¥1),---, (Xk,Yk). We
create T' thus: T’ is identical to T as far as tree topology (ne-
glecting leaf-labels) is concerned. Hence, T’ also contains k
cherries. In T’ we let (X1,Yk), (X2,Y1), (X3,Y2),---, (Xk> Yk_1)
be the cherries. It can be shown that the incompatibility
graph between T and T’ contains a Hamiltonian cycle. O
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