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Parametric Inference
Radu Mihaescu

Graphical models are powerful statistical tools that have been applied to a wide
variety of problems in computational biology: sequence alignment, ancestral
genome reconstruction, etc. A graphical model consists of a graph whose
vertices have associated random variables representing biological objects, such
as entries in a DNA sequence, and whose edges have associated parameters
that model transition or dependence relations between the random variables
at the nodes. In many cases we will know the contents of only a subset of the
model vertices, the observed random variables, and nothing about the contents
of the remaining ones, the hidden random wvariables. A common example is a
phylogenetic tree on a set of current species with given DNA sequences, but
with no information about the DNA of their extinct ancestors. The task of
finding the most likely set of values of the hidden random variables (also known
as the explanation) given the set of observed random variables and the model
parameters, is known as inference in graphical models.

Clearly, inference drawn about the hidden data is highly dependent on the
topology and parameters (transition probabilities) of the graphical model. The
topology of the model will be determined by the biological process being mod-
eled, while the assumptions one can make about the nature of evolution, site
mutation and other biological phenomena, allow us to restrict the space of
possible transition probabilities to certain parameterized families. This raises
several questions. If our choice of parameters is slightly off, will the explana-
tion change? What other choices of parameters will give the same explanation?
Can we find all possible explanations and the sets of parameters which yield
them? These are the sorts of questions we will answer in this chapter, using
the tools of parametric inference, which solves the inference problem for all
possible sets of parameters simultaneously.

We present the polytope propagation algorithm for parametric inference,
which was first introduced in [Pachter and Sturmfels, 2004a]. This algorithm
is the polytope algebra version (see Section 2.3) of a classical method in the
theory of graphical models, known as sum-product decomposition. We exam-
ine the polytope propagation algorithm in Section 5.2, and, in particular, we
describe the details of the algorithm in the context of two very important prob-
lems in computational biology: the hidden Markov model for gene annotation
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and the pair hidden Markov model for genome alignment. The analysis relies
heavily on the theory developed in Sections 1.4, 2.2 and 2.3.

The running time of polytope propagation is exponential in the number of
parameters. Therefore, in applications where the number of parameters is very
large, it is of practical interest to specialize most of them to fixed values and
study the dependence of the explanation upon variations of the remaining few
parameters. In Section 5.4 we give an explicit presentation of an algorithm
that does this efficiently, together with an analysis of its running time. As we
will see, the complexity of the algorithm is polynomial in the length of the
sequences for a fixed number of unspecialized parameters.

5.1 Tropical sum-product decompositions

We begin by showing that the problem of inference for fixed parameters can
be regarded as the tropical version of computing the marginal probability of
the observed data. For a graphical model with hidden and observed random
variables denoted by o and 7 respectively, the probability of the observed
sequence T is

Prob(r) = Zp(”, (5.1)

where p, - is the probability of having states o at the hidden nodes and states
T at the observed nodes of the model. This is the probability of the observed
data marginalized over all possible values for the hidden data. The task of
finding an explanation corresponds to identifying the set of hidden states &
with maximum a posteriori probability of generating the observed data 7. In
other words:

o = argmax,{po.r }-

Now following the notation of Chapter 2, let w, = —In(p,). Then the above
equation becomes

o = argmin {w, ; },

which is exactly the marginalization in (5.1), performed in tropical algebra:
Wy = @w(m. (5.2)
g

The reader is referred to Section 2.1 for more details on tropical algebra.

In general, marginal probabilities for acyclic graphical models can be com-
puted in time which is polynomial in the size of the model using the sum-
product decomposition, which is a recursive representation of a polynomial in
terms of smaller polynomials. Such a decomposition is very useful for com-
puting values of polynomial expressions with a large number of monomials,
where a direct symbolic computation would be very costly. In the literature
on hidden Markov models this is known as the forward algorithm.

As we can see from the above analysis, evaluating the marginal probability
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tropically is equivalent to solving the inference problem. See also Remarks
2.17, 2.18 and 4.13. Therefore, the sum-product decomposition of marginal
probabilities, when it exists, naturally yields efficient algorithms for inference
with fixed parameters. In the following subsections we exemplify this with
the Viterbi algorithm for hidden Markov models and the Needleman—Wunsch
algorithm for sequence alignment (see Section 2.2).

5.1.1 The sum-product algorithm for HMDMs

The hidden Markov model is one of the simplest and most popular models used
in computational biology. In this subsection we will describe the sum-product
algorithm for the HMM. We use the notation of Section 1.4, to which we also
refer the reader unfamiliar with the model. Suppose that we have an HMM of
length n, with hidden states o;, i € [n], taking values in an alphabet ¥ with [
letters, and observed variables 7;, i € [n], taking values in the alphabet ¥’ of
size I’. The model parameters are the “transition” probability matrix § € R!*!
and the “emission” probability matrix 8’ € R™*!. If one assumes a uniform
initial distribution on the states of the first hidden node, the probability of
occurrence of the sequence (o, 7) is therefore

1
Por = =0, 901,020/ 052,05 - - 0.

l 01,71 02,72 f Y O0n,Tn”

The marginal probability of the observed sequence 7 = 772 ... 7T, is
pr = Zp‘”' (5.3)
a

By tropicalizing and maintaining the notation from the beginning of the section
we see that, as before, the explanation for the sequence of observations 7 is
given by

g = argmin {w, .},

ws = @woﬁ. (5.4)

The problem of computing (5.3) can easily be solved by noticing that the
probability p, has the following decomposition:

l

l l
br = Z 9/an,rn Z 90717170”9(/7”_1,7-71_1 ( a <Z 901102‘9{71771> >

on=1 on—1=1 o1=1
(5.5)
Computing p; using this decomposition is known as the forward algorithm for
HMDMs. Its time complexity is O(I?n), as can easily be checked.
Observe that tropicalizing this algorithm gives us a way of efficiently solving
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equation (5.4). By taking u;; = —log(f; ;) and v; j = —log(6; ;), we obtain

@ (UUITI @ ualg2 @ UUQTQ o @ uo'n—lo'n @ UJTLT7L) = (56)
@(UUnTn © (@ (Von—17n1 @ Ugp_10 -+ O (@(UUITI © Ugyoy)) - - -)))-
On On—1 o1

Evaluating this quantity by recursively computing the parentheses in the above
formula is known as the Viterbi algorithm, and has the same time complexity
as its non-tropical version, the forward algorithm.

5.1.2 The sum-product algorithm for sequence alignment

The sequence alignment problem asks for the best possible alignment be-
tween two words o! = ojod...0l and 0? = 0%03...02 over the alphabet
Y. = {A,C,G, T} that have evolved from a common ancestor via insertions, dele-
tions or mutations of sites in the genetic sequence. A full description of the
problem can be found in Section 2.2. As in Section 2.2, we represent an align-
ment by an edit string h over the alphabet {H, I, D} such that #H +#D =n
and #H 4 #1 = m. Let A,,,, be the set of all edit strings.

Each element h € A, ,, corresponds naturally to a pair of words (u!, u?)

over the alphabet ¥ U{—} such that ' consists of a copy of o' together with

” ”

inserted “—” characters, and similarly ;2 is a copy of o with inserted “—
characters, see (2.8).

Now consider the pair hidden Markov model for sequence alignment pre-
sented in Section 2.2. Equation (2.15) gives us the marginal probability f,1 ,2

of observing the pair of sequences ¢! and o?:

|h| |h|

foor = > T10me 110 e (5.7)
=2

heAp, m i=1

Here the parameters 6 and 6’ are as in Section 2.2.

Just as before, we will be interested in the tropical version of the above
formula, which gives the alignment with the largest a posteriori probability,
given the parameters of the model and the observed sequences. Letting w; ; =

—In; j and w; ; = —Ind; ;, equation (5.7) yields
|h |hl
trop(f,1 ,2) = @ @wui,u? : @w;”_hhi. (5.8)
heAp m i=1 =2

The above relation computes the negative logarithm of the mazimum a poste-
riori (MAP) probability over the set of possible alignments. This is equivalent
to finding a minimum path in the alignment graph of Section 2.2, which can
be solved through the Needleman—Wunsch algorithm, a version of the sum-
product algorithm, based on the recursive decomposition of (5.8) described
below.

1 1

Let algi denote the sequence oioj---o}.

o, Let a%j be defined in the same
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way. Also define ®X (i, j) to be the maximum negative log probability among
alignments of a<Z and 02 < such that the last character in the corresponding edit
string is X. Equation (5.8) then gives us the following recursive formula(s):

trop(f,1 »2) GBCDX n,m) (5.9)
where
®'(i,j) = w_p OP@T(] 1) 0wy,
X
OP(5) = wo - O D@~ 1.j) O vy p),
X
H(i,j) = w12 OEP@N(i~1,j~1) O uw p), (5.10)
X
and
®%(0,0) = 0 forall X,

d%(0,5) = OforallX #1,
®X(i,0) = 0forallX # D,

J
01(0,)) = w_p o)W 0w ),
k=2
7
dP(i,0) = We1 - © @(wQD Owyr ).
k=2

The running time of the Needleman—Wunsch algorithm is O(nm) as we per-
form a constant number of & and ® operations for each pair of indices (i, 7).

5.2 The polytope propagation algorithm

In this section we will describe parametric maximum a posteriori probability es-
timation for probabilistic models. Our goal is to explain how parametric MAP
estimation is related to linear programming and polyhedral geometry. The
parametric MAP estimation problem comes in two different versions. First
there is the local one: given a particular choice of parameters determine the
set of all parameters which have the same MAP estimate. This version is an
important problem because it can be used to decide how sensitive the MAP
estimate is to perturbations in the parameters. The global version of paramet-
ric MAP estimation problem asks for a partition of the space of parameters
such that any two parameters lie in the same part if and only if they yield the
same MAP estimate. We will show that for arbitrary statistical models, the
local problem is solved by computing a certain polyhedral cone (the normal
cone at a vertex of the Newton polytope) and the global problem is solved by
computing a certain polyhedral fan (the normal fan of the Newton polytope).
If the underlying statistical model has a sum-product decomposition, there
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is a natural extension of the tropical sum-product algorithm which replaces
numbers with polyhedra and solves the parametric MAP estimation problem.

We will now show how to perform the tropical sum-product algorithm in a
general fashion, finding an explanation for all possible sets of parameters. Let
us consider the polynomial

d
flp) =Y pit - ppt
i=1

and suppose that f is the density function associated to a statistical model
where p = (p1,...,px) is the vector of parameters, and each possible sequence
of hidden states corresponds to some monomial of f. See (5.3) as an example.
We maintain this assumption throughout the rest of this chapter.

For a fixed value of p, finding an explanation is equivalent to finding the

index j of the monomial of f with maximum value

Jj = argmax{p{" - - - py*}.
Letting w; = — log p;, this amounts to finding the index j of the monomial of
f which minimizes the linear expression e; - w = Zle wje; ;. We observe that
ej can be an explanation for some choice of parameters if and only if the point
P; = (ej1,...,ej;) is on the convex hull of the set {(e;1,...,ei) 17 € [d]}, i.e.,
it is a vertex of the Newton polytope of f, NP(f).

The optimization problem of finding an explanation for fixed parameters w
can therefore be interpreted geometrically as a linear programming problem on
the Newton polytope NP(f). In the notation of Section 2.3, the optimization
problem described above means finding (ej1,€j52,...,€ej%) € face,(NP(f)).
Conversely, the parametric version of this problem asks for the set of parameter
vectors w for which a vertex P; gives the explanation. In Section 2.3 it is
shown that this is the cone in the normal fan of the polytope NP(f) which
corresponds to the vertex Pj, namely Nyp(y)(F5). Constructing the normal
fan NNP( ) therefore amounts to partitioning the parameter space into regions
such that the explanation(s) for all sets of parameters in a given region is given
by the polytope vertex(face) associated to that region. We can obtain NP(f)
and /\/Np( ) through the polytope propagation algorithm, which is the polytope
algebra version of the sum-product decomposition. We refer the reader to
Section 2.3 for details on Newton polytopes, normal fans and the polytope
algebra.

For example, solving the parametric version of (5.4) for hidden Markov mod-
els or (5.8) for sequence alignment amounts to finding the normal fan of the
Newton polytopes NP(p,) and NP(f,1 ,2). As can easily be observed, in both
examples our polynomials will have an exponential number of monomials. It
is thus not feasible to compute the Newton polytope by first computing the
polynomial explicitly. We will therefore make use of the recursive representa-
tions given by (5.6) and (5.10). Theorem 2.26 immediately gives us a recursive
representation of the needed Newton polytopes: simply translate (5.6) and
(5.10) into the polytope algebra of Section 2.3.
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For the hidden Markov model we obtain the following:

NP(pT) = @ NP H;nT @ NP 0:7'" 1Tn— 190'n710'n)

On—1

N0, @ (NP( 9:7171 Oo102)) - --))-

In the sequence alignment example, take P! (7,7) to be the Newton polytope
of the sum of the scores of all alignments of the two partial sequences 01<Z- and
o2 ; which end with an insertion. This corresponds to the sum of the weights
of all paths from the origin to the insertion vertex of the K33 corresponding
to position (4,7) in the alignment graph of Figure 2.2. Define PP (4,5) and

PH (i, §) similarly and (5.10) gives us

P(fy1 2) @PX n,m) (5.11)
where
Pl(i.j) = NP(O_z2) © PP (0,5 — 1) © NP0 1),
X
PP(i,j) = NP6, _) @ @(P¥(i—1,5) @ NP(6y p)),
X
WWJ)ZIMW¢ﬁK%B@H%%J—D®NN%ﬂm
X
and
PX(0,0) = {(0,...,0)} forall X,
PX0,7) = {(0,...,0)} forall X # I,

PX(i,0) = {(0,...,0)} forall X # D,
J
PI(Oﬂ .7) = NP(H—,U% H(e},le—,az))a
k=2
(2
PP(i,0) = NP1, — [[(0p,p0s1 -))-
k=2

The above decompositions naturally yield straightforward algorithms for
computing the Newton polytopes NP(p;) and NP(f,1 ,2), and one can easily
extend this method to any polynomial f with a sum-product decomposition.
Once the polytope NP(f) has been computed, the final step of our algorithm
is to compute the normal fan Nypy).

To conclude our presentation of polytope propagation, we have to make
two very important observations. First, we note that several sequences of
hidden states may yield equivalent monomials. In general the coefficient of
the monomial is equal to the number of different sequences of hidden states
that map to it. The Newton polytope of f, and thus the polytope propagation
algorithm, is completely oblivious to this aspect. One can however recover the
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full set of hidden sequences corresponding to a given vertex by backtracking
along the steps of the polytope propagation algorithm, a common technique
in dynamic programming. In sequence alignment for example, finding the edit
strings corresponding to an extremal vertex is the parametric version of finding
all optimal paths in the alignment graph of Section 2.2.

The second observation is that our assumption that each set of hidden states
maps to a monomial of f implicitly insures that the coefficient of that mono-
mial is not zero: in other words that no cancellation occurs in the sum-product
decomposition. In general, for polynomials representing marginal probabilities
in a graphical model, all the coefficients in their sum-product representations
are positive. This is clearly the case for our two running examples. In fact,
as Newton polytopes are oblivious to coefficients, running polytope propaga-
tion instead of evaluating f and NP(f) directly automatically insures that
no vertices are omitted because of cancellation. Therefore, all sequences of
values for the hidden variables which are optimal for some set of parameters
are represented in the final polytope, which will contain NP(f) if cancellation
occurs.

5.2.1 A small alignment example

To illustrate our algorithm, we give below a small example of parametric se-
quence alignment under a highly simplified version of the scoring scheme of Sec-
tion 2.2. The parameters of our model are a “reward” assigned to all matches
and a “penalty” assigned to all mismatches and gaps. We disregard completely
the scores assigned to transitions between hidden nodes. In the language of
Section 2.2, this is equivalent to w’y , = 0 for all X|Y € {H,I,D}, w,, =«
for all a € {A,C,G, T} and wgy = y7f0r all a,b € {A,C,G,T,—}, a # b. This
model is commonly known as the 2-parameter model for sequence alignment.
Notice that the absence of transition probabilities between hidden nodes
eliminates the need for the triple recurrence present in the sum-product de-
composition of the generalized scoring scheme. Letting ®(i, j) denote the score

of the best alignment of the sequences algi and a% ;» we have:

O(1,7) = (@i = 1,7 = 1) Qw1 2) ©(P(i = 1,7) Oy) B ((3,) = 1) ©y). (5.12)
In polytope algebra, let P(i,5) = NP(®(i,7)). The above relation becomes:
Pi,j) = (P(i=1,j=1)ONP(ws1 52)) B (P(i—1,7) O (y)) & (P(i-1,j -1)O(y)),

where () denotes the Newton polytope with the single vertex (1,0) and (y)
denotes the Newton polytope with the single vertex (0, 1).

Figure 5.1 illustrates the polytope propagation algorithm for the alignment
of the two sequences o! = ATCG and 02 = TCGG. At each cell in the matrix, the
displayed polytope is the convex hull of the points given by alignments of the
corresponding partial sequences. Each is obtained by taking the convex hull of
the (0, 1) translation of the polytope in the cell above (alignments ending with
a deletion) , the (0, 1) translation of the polytope in the left cell (alignments



Parametric Inference 173

ending with an insertion), and the (1,0) or (0, 1) translation of the polytope in
the above-left cell (alignments ending with a match or mismatch, respectively).

%] T C G G

2 3 4
gl v, v)” v)° v)”
O ByON BN O ByON BN OH & yON B O S yON &

> Oy) = T 0O =

|
v
2
=
I
|
v
2
=
I
|

=
-
-
-

| | |
O(x)@*O(W@\O(V)EB%O(Y)EB\O(Y)@{@(Y)@ Oy SyoM®

>0y = - Oy) = " O) = T O) =

e
I
-
-

-

| |
O B yOM BN O N ByOMN BN OH ByOM B O gV &

™0y = T™ 0 = T )

I
|
v
19
=
I

e
i
V“
V

- |

|
OM BN O () & yO &

(©)
<
&>
-]
©)
<
[&2)
©
<
D
-]
Q
=
&3]
©)

x) @

-0y — T 0Oy) = - O(y)

I
|
v
Q
=
I

-
V
e
-

Fig. 5.1. Polytope propagation for sequence alignment.

5.3 Algorithm complexity

In this section we analyze the time complexity of the polytope propagation
algorithm. Given a polynomial f together with a sum-product decomposition,
we want to compute NP(f) and ./\/Np( 7)- The questions we want to answer are:

(i) How many polytope algebra operations do we have to perform?
(ii) What is the individual time complexity of these operations?
(iii) What is the complexity of computing the normal fan of Nyp(s)?
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Let us consider the first question. In the examples of the previous section,
the only multiplicative (Minkowski sum) operations we needed to perform were
multiplication by a single point, i.e., shifting a polytope by a given vector. For
a D-dimensional polytope with N vertices, this takes O(ND) time and is
strongly dominated by the additive operations. In this section we will limit
our analysis to models where the only multiplicative operations are the trivial
ones, as this turns out to be the case with most acyclic graphical models.

In general, the number of polytope algebra operations we need to perform
will be the product of the number of levels in the sum-product decomposition
of f and the number of operations per level. This is exactly the time com-
plexity of computing the explanation for a given set of parameters, using the
sum-product decomposition. For instance, in the case of the hidden Markov
model, the total number of polytope algebra operations will be O(I?n). In the
sequence alignment example, at each step we compute three sums of exactly
three polynomials, therefore the total number of operations is O(nm).

In order to answer question (ii), we need to choose an efficient representation
for our Newton polytopes. Section 2.3 provides us with two options: the
V-representation and the H-representation. In general, the two are roughly
equivalent in terms of computational versatility, due to the principle of duality.
In the context of parametric inference, the V-representation is more natural,
as we are able to prove upper bounds on the number of vertices of the Newton
polytopes we encounter.

To facilitate our subsequent discussion, let vp(K') denote the computational
complexity of finding the V-representation of the convex hull of K points in
D dimensions. Also let N be the maximum number of vertices among all the
polytopes encountered by the algorithm. It is clear that the additive polytope
algebra operation will have a time complexity of at most O(vp(2N)).

The next step is providing upper bounds for the number N. Since we are
dealing with Newton polytopes of polynomials, all vertices will have integer
coordinates. Now suppose that the degree of f is n. Then at every intermediate
step of the algorithm, the degree of any variable will always be at most n. We
can therefore assert that all polytopes encountered by the algorithm will lie
inside the D-dimensional hypercube of side-length n. We will make use of the
following theorem of [Andrews, 1963]:

Theorem 5.1 For every fized integer D there exists a constant Cp such that

the number of vertices of any convex lattice polytope P in RP is bounded above
by Cp - vol(P)(P—1/(D+1)

Unfortunately, Theorem 5.1 only applies to full dimensional polytopes: the
polytope must not be contained in a lower-dimensional affine subspace of R”.
As it turns out, this will almost always be the case. Now suppose that the
final polytope we compute has dimension d < D. It is easy to see that the
polytope algebra operations can only result in an increase of the dimension
of the polytopes, i.e., dim(P @& Q) > max{dim(P),dim(Q)} and dim(P ©
Q) > max{dim(P),dim(Q)} for any two polytopes P and Q. Then all of
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the intermediate polytopes will have dimension at most d. We call d the true
dimension of the model or polynomial.

Let us illustrate. In the HMM example, each monomial p, - is a product of
n variables 92]- and n— 1 variables 6;;. Thus, for each point in NP(p;), the sum
of the Il" coordinates corresponding to the 6} ; variables is n and the sum of the
12 coordinates corresponding to the 0;; variables is n — 1. These two inherent
constraints of the model mean that d < D — 2.

The following easy lemma will be needed in the derivation of our running
time bounds.

Lemma 5.2 Let S be a d-dimensional linear subspace of RP. Then, among
the set of D coordinate axes of RP, there exists a subset {i1,12,...,1q4} such that
the projection ¢ : S — R given by ¢((x1,22,...,7p)) = (Tiy, Tig, - -+, Tip) 18
mjective.

Proof Let v!,...,v% € RP be a basis for the subspace S. Let A be the D x d
matrix with columns v', ..., v%. Then the rank of the matrix A is exactly d, the
dimension of §. Now suppose that for any choice of indices {i1, 12, ...,i4} the
projection ¢((x1,x2,...,2p)) = (®i,, Tiy, - .., Tipy) is not injective on S. This
means that the d x d minor of A given by the rows indexed by the ¢;’s has rank
strictly less than d. Since the choice of rows was arbitrary, this contradicts the
fact that the rank of A is d. O

Let S be the d-dimensional affine span of a polytope P. By Lemma 5.2,
there is a set of d coordinate axes such that the projection ¢ of the linear
subspace S onto the space determined by those d axes is injective. Then ¢(P)
is also a d-dimensional polytope whose vertices have integer coordinates and
are in 1-1 correspondence with the vertices of P. Moreover, ¢(P) lies inside
a d-dimensional hypercube with edge length n (all the exponents are at most
n). Therefore the volume of ¢(P) is at most n?. Applying Theorem 5.1, we
infer that P has at most N = C;- n®@=D/(d+1) yertices. Since all intermediate
polytopes have dimension less than or equal to that of NP(f), the above upper
bound on the number of vertices will hold for all intermediate polytopes if we
let d be the true dimension of our model. We obtain the following theorem:

Theorem 5.3 Let f be a polynomial of degree n in D variables. If the dimen-
sion of NP(f) is d, then all the polytopes computed by the polytope propagation
algorithm will have at most Cy - n®@=D/(d+1) yertices.

We have not yet elucidated the mystery surrounding the function vp. It
turns out that for D = 2 and D = 3, things are much simpler than in higher
dimensions. The dominant operation in our algorithm is that of taking the
convex hull of the union of two convex polytopes. For D = 2, this can be
done in O(N) time if the input polytopes have a total of N vertices, although
computing the extremal vertices of a general set of N points takes O(N log N)
time. For D = 3, computing the union of two disjoint convex polytopes with
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N vertices takes O(N) time, but when the polytopes are not disjoint it is
asymptotically no easier than computing the convex hull of the union of their
sets of vertices. This can be done in O(N log N) time by the algorithm of
Preparata and Hong. The results for both 2 and 3 dimensions can be found in
[Preparata and Shamos, 1985].

Now consider the case D > 4. A point v; = (zj1,...,2;p) € RP is a
vertex of the convex hull of the set A = {v,...,vn} if and only if there is a
hyperplane of R” separating vj from the rest of the points in A. In turn, the
existence of such a hyperplane is equivalent to the feasibility of the following
linear program:

Maximize € subject to
Agy--,AD ER, € >0,

N

D Mewir < Ao — € forall i# ]

k=1

N

Z Akxjk > Ao +e (5.13)
k=1

We can therefore solve the problem of computing the extremal points of a
set of N points in R” by solving N linear programs, each with D variables
and N constraints. The time complexity of linear programming however is
no simple matter. It is often the case that the algorithms which are optimal
in some theoretical sense do not perform well in practice, whereas algorithms
with no theoretical guarantees are very practical. See [Megiddo, 1984] and
[Grotschel et al., 1993] for more details.

If one regards the dimension D as fixed, solving a linear program with N
constraints can be done O(V) time by using the algorithms of [Megiddo, 1984].
However, the constant of proportionality is O(2P”1°¢ ) which is exponential
in D. On the other hand, Khachiyan’s algorithm [Khachiyan, 1980] solves a
linear program in time polynomial in the length of the bit representation of
the program parameters. For our purposes, this implies a strongly polynomial
algorithm, since all the points of our polytopes have integer coordinates of
size at most n, therefore the linear programs will have integer parameters of
size linear in n. The length of the representation of the linear programs will
therefore be polynomial in n and d.

Theorem 5.4 Let f be a polynomial of degree n in D wvariables, and suppose
that f has a sum-product decomposition into k steps with at most | additions
and | multiplications by a monomial per step. Let d = dim(NP(f)) and let
N = Cyn®d=D/d+D) " Then for D = 2 and D = 3, the V-representation of
NP(f) can be computed in time O(KIN) and O(kIN log N), respectively. For
D > 4, the V-representation of NP(f) can be computed in time O(klvp(2N)),
where vp(2N) is either O(20P 18 D) N2) or polynomial in both N and D.
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It is worth mentioning that in practice the well-known simplex method is
often the fastest way to solve linear programs. The method relies on heuris-
tic ways of moving along the boundary of a convex polytope called pivoting
strategies. Although pivoting strategies which run in polynomial time have
been found for special classes of linear programs, no such strategy is known
for the general instance of linear programming [Megiddo, 1984].

Finally, we need to address our third question, the complexity of computing
the normal fan of NP(f). Note that if one is only interested in the set of
extremal vertices of NP(f), together with a single parameter vector for which
each such vertex is optimal, then the V-representation of NP(f) suffices and
the computation of the normal fan is not needed. Linear programming provides
us with a certificate for each vertex, i.e. a direction in which that vertex is
optimal. If one is interested in the full set of parameter vectors associated to
each vertex, then one needs to compute the normal fan Nyp(s). This requires
the computation of the full convex hull of the polytope NP(f) and its running
time is in fact dominated by this computation. For D < 3, maintaining a full
description of the convex hulls of our polytopes is no harder than maintaining
the V-representation, however for fixed D > 3, an asymptotically optimal
algorithm for computing the convex hull of a D-dimensional polytope with N
vertices is given in [Chazelle, 1993] and has a time complexity of O(NLP/2]),
Unfortunately, the constant of proportionality is again exponential in D.

Theorem 5.5 Let f be a polynomial of degree n in D wvariables, and suppose
that f has a sum-product decomposition into k steps with at most | additions
and 1 multiplications by a monomial per step. Let d = dim(NP(f)) and let
N = Cyn®d=D/d+D) * Thepn for D = 2 and D = 3, Nnp(p) can be computed
in time O(KIN) and O(kIN log N), respectively. For D > 4, Nxp(y) can be
computed in time O(kIN? + N LD/ 2J), where the constant of proportionality is
exponential in D.

5.4 Specialization of parameters
5.4.1 Polytope propagation with specialized parameters

In this section we present a variation of the polytope propagation algorithm in
which we may specialize the values of some of the parameters. Let us return
to the generic example

n
F)=>_p7" - pt.
j=1

Now assume that we assign the values p; = a; for h < i < k. Our polynomial
becomes

n
_ €1; €hj CE(h+1)j €kj
fa(p)—Zplj---phjah_i_l “‘akja
Jj=1
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which we can write as
n
falp) = Zpi“ o exp(e(py1)j Inapy1 + - epjlnag). (5.14)
7j=1

We can treat the number e as a general free parameter and this new represen-
tation of f, as a polynomial with only h + 1 free parameters, with the only
generalization that the exponent of the last parameter need not be an integer,
but an integer combination of the logarithms of the specialized parameters.

Now suppose that the polynomial f has a sum-product decomposition. It is
clear that such a decomposition automatically translates into a decomposition
for f, by setting pi to ernpi,
an explanation for some parameter specialization p = b such that b, = q;
for i > h if and only if b - e; = max;{b- e;}, so only if the corresponding
vertex (eq, .. .,eh,Zf:hH eilna;) is on the Newton polytope NP(f,) of f,.
We have reduced the problem to that of computing NP(f,) given the sum-
product decomposition of f, induced by that of f.

Finally, we have to give an association of each set of parameters (eq,...,ep)
with a vertex of NP(f,). We can do this in two ways, both of which have com-
parable time complexity. The first method involves computing the normal fan

. el e .
Furthermore, a monomial p,;”" ...p " gives

of NP(f,), just as before. This gives a decomposition of the space into cones,
each of which corresponds to a vertex of NP(f,). For all vectors of param-
eters with negative logarithms lying inside a certain cone, the corresponding
explanation vertex is the one associated with that cone. However, the last
parameter in the expression of f, is the number e, therefore the only relevant
part of the parameter hyperspace R"*! is the hyperplane given by pp11 = e,
so —Inpp1 = —1. The decomposition G, of this hyperplane induced by the
normal fan of NP(f,) in R**! is what we are interested in. Every region in this
decomposition is associated with a unique vertex on the upper half of NP(f,)
(with respect to the (h 4 1)th coordinate).

Alternatively we can compute the decomposition Gy, directly. First we
project the upper side of the polytope NP(f,) onto the first h coordinates.
This gives a regular subdivision Ry, of an h-dimensional polytope. The rea-
son for projecting the upper side alone is that we are looking for minima of
linear functionals given by the negative logarithms of the parameter vectors.
However, the last parameter is e, so the corresponding linear coefficient is —1.
Taking the real line in R"*! corresponding to a fixed set of values for the first
h coordinates, we can see that the point on the intersection of this line with
the polytope NP(f,) which minimizes the linear functional is the one with the
highest (h + 1)th coordinate. Thus when projecting on the first h coordinates
we will only be interested in the upper half of NP(f,).

In order to partition the hyperplane R” into regions corresponding to ver-
tices of Ry,, we need to identify the dividing hyperplanes in R". Each such
hyperplane is given by the intersection of the hyperplanes in the normal fan
of NP(f,) with the h-dimensional space given by setting the last coordinate
in R"*! to —1. Therefore, each dividing hyperplane corresponds uniquely to
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an edge (v;,v;j) in Ry,, and is given by the set of solutions (z1,...x5) to the
following linear equation:

zien + o+ Tpein — [y a1 + o epi Inag] =
riej1 + -+ Tpejp — [e(thl)j Inapiq+--- €k;j In ak]. (5.15)

The subdivision of R” induced by these hyperplanes will be geometrically
dual to Ry,, with each region uniquely associated to a vertex of Ry, , so of
NP(f,). This is the object which we are interested in, as it gives a unique
monomial of f for every set of values for the first h parameters, given the
specialization of the last & — h parameters.

5.4.2 Complexity of polytope propagation with parameter
spectalization

Let us now compute the running time of the algorithm described above. Much
of the discussion in the previous section will carry through and we will only
stress the main differences. As before, the key operation is taking convex hulls
of unions of polytopes. Let N be the maximum number of vertices among
all the intermediate polytopes we encounter. We again define the function
vh+1(N) to be the complexity of finding the vertices of the convex hull of a set
of N points in R**1. Note that in the case of parameter specialization, the
last coordinate of the vertices of our polytopes is not necessarily an integer.

This last observation implies that we will not be able to use Khachiyan’s
algorithm for linear programming to get a strongly polynomial algorithm for
finding the extremal points. However, in practice this will not be a drawback,
as one is nevertheless forced to settle for a certain floating point precision.
Assuming that the values a; we assign to the parameters p; for h < ¢ < k
are bounded, we may still assume that the binary representation of the linear
programs needed to find the extremal points is polynomial in N. On the other
hand, Megiddo’s algorithm for linear programming is strongly polynomial in
N for fixed h. It will run in time O(20("1°¢M) N). Of course, for the special
case when our algorithms run in 2 or 3 dimensions, so h = 1 or h = 2, the
analysis and running time bounds of the previous section still apply. We do
not include them here for the sake of brevity.

Finally, what is an upper bound on N? Our polytopes have vertices with co-

ordinate vectors (eq,...,ep, Z?:h-‘,—l e;Ina;). By projecting on the first A coor-
dinates, we see that each vertex must project onto a lattice point (eq,...,ep) €
Z};O such that eq,...,e, < n, where n is the degree of f. There are n” such

points. Moreover, at most two vertices of the polytope can project to the same
point in R”. Therefore, N < 2n" and we have the following theorem.

Theorem 5.6 Let f be a polynomial of degree n in D wvariables, and suppose
that f has a sum-product decomposition into k steps with at most | additions
and | multiplications by a monomial per step. Also suppose that all but h of
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f’s variables are specialized. Then the running time required to compute a V-
representation of the Newton polytope of f with all but h parameters specialized
is O(klvp11(N)), where N = 2n" and vy, 1(N) = O(20(hlegh) N2y,

For the last part of our task, computing the normal fan NNP( f.) and the
regular subdivision it induces on the hyperplane —Inep1; = —1, we remark
that the running time is dominated by the computation of the full description of
the convex hull of NP(f,). Again, if we consider h fixed, Chazelle’s algorithm
solves this in O(NL+1D/2]) time, where the constant of proportionality is
exponential in h.

Theorem 5.7 Let f be a polynomial of degree n in D wvariables, and suppose
that f has a sum-product decomposition into k steps with at most | additions
and | multiplications by a monomial per step. Also suppose that all but h of
f’s variables are specialized. Then the running time required to compute all
extremal vertices of NP(f,), together with their associated sets of parameter
vectors, is O(klvyy1(N) + NLHD/2D) “yhere N = 2nP, vy, 1 (N) = O(N?) and
all constants of proportionality are exponentials in h.

We therefore observe that if one disregards the preprocessing step of retriev-
ing a sum-product decomposition of f, from a decomposition of f, the running
time of our algorithm will not depend on the total number of parameters, but
only on the number of unspecialized parameters. Also, the complexity of the
pre-processing step is only linear in the size of the decomposition of f. This
may prove a very useful feature when one is interested in the dependence of
explanations on only a small subset of the parameters.

Conclusions: In this chapter we have presented the polytope propagation
algorithm as a general method for performing parametric inference in graphical
models. For models with a sum-product decomposition, the running time of
polytope propagation is the product between the size of the decomposition
and the time required to perform a convex hull computation. If the number
of parameters D is fixed, this is polynomial in the size of the graphical model.
However, as D increases the asymptotic running time is exponential in D. For
large numbers of parameters, we present a variation of the algorithm in which
one allows only A of the parameters to vary. This variation is computationally
equivalent to running the initial algorithm on a model of the same size with
only h + 1 parameters.



